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Abstract We propose a deterministic scheme to realize assisted-clone of an unknown
N(≥ 3)-qubit entangled state. The first stage of the protocol requires teleportation via max-
imal entanglement as the quantum channel. In the second stage of the protocol, a novel
set of mutually orthogonal basis vectors are constructed. With the assistance of the pre-
parer through an N -particle projective measurement under this basis, the perfect copy of an
original state can be produced. Comparing with the previous protocols which produce the
unknown state and its orthogonal complement state at the site of the sender, our scheme
generates the unknown state deterministically.
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1 Introduction

An unknown quantum state cannot be cloned exactly. It follows from the celebrated no-
cloning theorem [1]. However, quantum cloning approximately is necessary in quantum
information [2] and is also applicable to other interesting quantum processes, e.g., quantum
network coding [3], etc. Hence, in literatures various cloning machines [4–9] have been
proposed which operate either in a deterministic or probabilistic way.

In 2000, Pati [10] proposed a scheme for cloning an unknown single-qubit state with
minimal assistance from a state preparer. The perfect copies and orthogonal-complement
copies of an unknown state can be produced. Inspired by Pati’s original paper, a lot of
schemes for assisted cloning have been proposed [11–23]. Among them, some protocols
concentrated on the clone of an unknown N(≥ 3)-qubit entangled state

|ϕ〉1···N = α0|0 · · ·0〉1···N + α1|1 · · ·1〉1···N, (1)

where α0 is a real number, α1 is a complex number and |α0|2 + |α1|2 = 1. Specially, Shi
et al. [22] proposed a scheme for N = 3. Ma et al. [23] investigated the general case with
N ≥ 3. However, these protocols [22, 23] have some features in common: One is that Bell
measurements are used by the sender to achieve teleportation [24, 25]. The other is that
the preparer carries out an N -particle projective measurement on his particles sent by the
sender directly after the teleportation. Then the unknown state can be produced at the site
of the sender with the successful probability 1

2 , which means these protocols cannot always
generate the copy of the unknown state deterministically.

In this paper, we reinvestigate the assisted-clone of an unknown N(≥ 3)-qubit entangled
state in (1). We construct a unitary transformation and a set of appropriate basis vectors
which play an important role in our scheme. In detail, after teleportation [24] the sender first
performs this unitary transformation on her particles, and sends parts of the transformed
particles to the preparer. Then the preparer performs an N -particle projective measurement
under this basis. By rigorous formulations, it is proved that the sender can reestablish the
unknown state deterministically while the cost of quantum nonlocal resource is the same as
its in [22, 23]. Comparing with the previous protocols [22, 23], which produce the unknown
state and its orthogonal complement state at the site of the sender, our scheme generates the
unknown state deterministically.

2 Deterministic Clone of an Unknown Tri-Qubit Entangled State with Assistance

To be explicit, we first consider the case of tri-qubit entangled state (i.e., with N = 3) and
then deal with that of arbitrary N(≥ 3)-qubit entangled state.

Suppose there are three participants, Victor, Alice and Bob. Victor is the state preparer
who prepares a three-particle entangled state

|ϕ〉123 = α0|000〉123 + α1|111〉123, (2)

where α0 is a real number, α1 is a complex number and |α0|2 + |α1|2 = 1. This original state
is unknown to both the sender Alice and the receiver Bob. Alice has safely received it from
Victor and will use it as her input state. Alice wishes to teleport this state to Bob and then
create a perfect copy of this state at her place with the assistance of Victor. For convenience,
we use a shorthand ⊕ as plus module 2.



2706 Int J Theor Phys (2010) 49: 2704–2712

Assume that Alice and Bob share three entangled EPR pairs

|ψ〉At Bt = 1√
2
(|00〉 + |11〉)AtBt , t = 1,2,3, (3)

where particles A1,A2,A3 belong to Alice while particles B1,B2,B3 belong to Bob. Hence,
the initial state of the whole system can be written as

|�〉 = |ϕ〉123 ⊗ |ψ〉A1B1 ⊗ |ψ〉A2B2 ⊗ |ψ〉A3B3

= 2− 3
2

(
1∑

j=0

αj |jjj 〉123

)(
1∑

h1=0

|h1h1〉A1B1

)(
1∑

h2=0

|h2h2〉A2B2

)(
1∑

h3=0

|h3h3〉A3B3

)
. (4)

Alice first performs the joint measurement on her particles (1,A1), (2,A2), (3,A3) under
Bell basis

|ϕnm〉 = 1√
2

1∑
j=0

eπijn|j〉|j ⊕ m〉, n,m = 0,1, (5)

respectively. After these measurements, Alice sends the classical bits strings n1m1, n2m2,
n3m3 to Bob through a classical channel, where nm = 00(10,01,11) correspond to the Bell-
state measurement result |ϕ00〉(|ϕ10〉, |ϕ01〉, |ϕ11〉) respectively. Since

|jh〉 = 1√
2

1∑
n=0

e−πijn|ϕn,h⊕j 〉, j, h = 0,1, (6)

(4) can be rewritten as

|�〉 = 1

23

1∑
j,n1,m1,n2,m2,n3,m3=0

[
e−πij (n1⊕n2⊕n3)αj

3∏
t=1

|ϕnt mt 〉tAt |j ⊕ mt 〉Bt

]
. (7)

According to the received classical information, Bob operates a unitary transformation

(Un1m1)B1 ⊗ (Un2m2)B2 ⊗ (Un3m3)B3 (8)

on the remaining state

1∑
j=0

e−πij (n1⊕n2⊕n3)αj |j ⊕ m1〉B1 |j ⊕ m2〉B2 |j ⊕ m3〉B3 ,

where

Unm =
1∑

j=0

eπijn|j〉〈j ⊕ m|. (9)

Then Bob gets
∑1

j=0 αj |jjj 〉B1B2B3 , which is the state Alice wants to transmit. The telepor-
tation is successfully realized.

To create a perfect copy of the unknown state |ϕ〉123, Alice needs the assistance of Vic-
tor. According to the projection postulate of quantum mechanics, if Alice applies projector
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|ϕn1m1〉1A1〈ϕn1m1 ||ϕn2m2〉2A2〈ϕn2m2 ||ϕn3m3〉3A3〈ϕn3m3 | onto the initial system |�〉, the state of
particles 1, A1, 2, A2, 3, A3 will collapse into

|ϕn1m1〉1A1 |ϕn2m2〉2A2 |ϕn3m3〉3A3 . (10)

Alice applies a transformation

HA3C3A3C3A2(Un3m3)A3(Un2m2)A2(Un1m1)A1 (11)

on the state in (10), where Unm is defined by (9), C3A2 is a CNOT operation on particles
3 and A2 (with A2 the control qubit and 3 the target one), C3A3 is a CNOT operation on
particles 3 and A3 (with A3 the control qubit and 3 the target one), HA3 is the Hadamard
transformation on particle A3. As we know,

(I ⊗ Unm)|ϕnm〉 = |ϕ00〉 = |00〉 + |11〉√
2

, (12)

then Alice can get

1

2
(|00〉 + |11〉)1A1(|000〉 + |111〉)23A2 |0〉A3 = 1

2

1∑
h1,j=0

|h1jjh1j〉123A1A2 |0〉A3 . (13)

Alice sends particles (1,2,3) to Victor and keeps particles (A1,A2,A3) in her possession.
Since Victor knows the original state |ϕ〉123, he knows α0 and α1 completely. Victor

performs a three-qubit projective measurement on the particles (1,2,3) under the complete
orthogonal basis ⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

|ζ000〉
|ζ001〉
|ζ010〉
|ζ011〉
|ζ100〉
|ζ101〉
|ζ110〉
|ζ111〉

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

=
(

M 0
0 M

)†

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

|000〉
|001〉
|010〉
|011〉
|100〉
|101〉
|110〉
|111〉

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (14)

where † denotes the conjugate transpose of a matrix and

M = 1√
2

⎛
⎜⎜⎝

α0 α0 α1 α1

α∗
1 α∗

1 −α0 −α0

α0 −α0 α∗
1 −α∗

1
α1 −α1 −α0 α0

⎞
⎟⎟⎠ . (15)

If the measurement result is |ζk1k2k3〉, Victor informs Alice of three bits k1k2k3 via a classical
channel. Since

|h1jj 〉123 = 1√
2

1∑
h2,h3=0

e−πij (h2⊕h3)αj⊕h2 |ζh1h2h3〉123, h1, j = 0,1, (16)
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(13) can be rewritten as

(
1√
2

)3 1∑
h1,j=0

[
1∑

h2,h3=0

e−πij (h2⊕h3)αj⊕h2 |ζh1h2h3〉123

]
|h1j〉A1A2 |0〉A3 . (17)

According to the received classical bits k1k2k3, Alice knows that the state of her qubits
A1,A2,A3 collapses into

1∑
j=0

e−πij (k2⊕k3)αj⊕k2 |k1j〉A1A2 |0〉A3 . (18)

Equation (18) can be rewritten as

1∑
j=0

e−πi(j⊕k2)(k2⊕k3)αj |k1, j ⊕ k2〉A1A2 |0〉A3 . (19)

Then Alice operates a unitary transformation

X
k1
A1

⊗
(

1∑
j=0

eπi(j⊕k2)(k2⊕k3)|j〉A2〈j ⊕ k2|
)

⊗ IA3 (20)

on (19) and obtains

1∑
j=0

αj |0〉A1 |j〉A2 |0〉A3 . (21)

Finally, Alice applies on her particles the control change gate

∏
j=1,3

CAj A2 , (22)

where CAj A2 is a CNOT operation (with A2 the control qubit and Aj the target one), and
obtains α0|000〉A1A2A3 + α1|111〉A1A2A3 . The clone of an unknown three-qubit entangled
state is deterministically realized.

3 Deterministic Clone of an Unknown N -Qubit Entangled State with Assistance

We now turn to the general case of cloning N -qubit entangled state. Suppose the sender
Alice has an input N -qubit entangled state represented by (1) from a state preparer Victor.
The original state |ϕ〉12···N is unknown to both the sender Alice and the receiver Bob. Al-
ice wishes to help Bob to reestablish the original state and to create a perfect copy of the
unknown state at her place with the assistance of Victor.

Assume that Alice and Bob share N entangled EPR pairs as the quantum channel, which
are given by

|ψ〉At Bt = 1√
2
(|00〉 + |11〉)At Bt , t = 1, . . . ,N (23)
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where particles A1, . . . ,AN belong to Alice while particles B1, . . . ,BN belong to Bob.
Hence, the initial state of the combined system can be written as

|�〉 = |ϕ〉1···N ⊗ |ψ〉A1B1 · · · ⊗ |ψ〉AN BN

=
(

1√
2

)N
(

1∑
j=0

αj |j · · · j〉1···N

)(
1∑

h1=0

|h1h1〉A1B1

)
· · ·

(
1∑

hN =0

|hNhN 〉AN BN

)
. (24)

Alice first performs the joint measurement on her particles (1,A1), . . . , (N,AN) in Bell
basis represented by (5) respectively. After these measurements, Alice sends the classical
bit strings n1m1, . . . , nNmN to Bob through a classical channel, where nm = 00(10,01,11)

correspond to the Bell-state measurement result |ϕ00〉(|ϕ10〉, |ϕ01〉, |ϕ11〉), respectively. From
(6), (24) can be rewritten as

|�〉 = 1

2N

1∑
j,n1,m1,...,nN ,mN =0

[
e−πij (n1⊕···⊕nN )αj

N∏
t=1

|ϕnt mt 〉tAt |j ⊕ mt 〉Bt

]
. (25)

According to the received classical information, Bob operates a unitary transformation

N∏
t=1

(Unt mt )Bt , (26)

on the remaining state
∑1

j=0[e−πij (n1⊕···⊕nN )αj

∏N

t=1 |j ⊕ mt 〉Bt ], where Unm is defined

by (9). Then Bob gets
∑1

j=0 αj |j · · · j〉B1···BN
. The teleportation is successfully realized.

To create a perfect copy of the unknown state |ϕ〉1···N , Alice needs the assistance of Vic-
tor. According to the projection postulate of quantum mechanics, if Alice applies projector
|ϕn1m1〉1A1〈ϕn1m1 ||ϕn2m2〉2A2〈ϕn2m2 | · · · |ϕnN mN

〉NAN
〈ϕnN mN

| onto the initial system |�〉, the
state of particles 1, A1, 2, A2, . . . ,N,AN will collapse into

|ϕn1m1〉1A1 |ϕn2m2〉2A2 · · · |ϕnN mN
〉NAN

. (27)

Alice applies a transformation

HAN
CNAN

CNAN−1

N∏
j=1

(Unj mj
)Aj

(28)

on the state in (27), where Unm is defined by (9), CNAN−1 is a CNOT operation on particles N

and AN−1 (with AN−1 the control qubit and N the target one), CNAN
is a CNOT operation on

particles N and AN (with AN the control qubit and N the target one), HAN
is the Hadamard

transformation on particle AN . Then Alice can get

(
1√
2

)N−1
[

N−2∏
t=1

(
1∑

ht =0

|htht 〉tAt

)][
1∑

j=0

|jjj 〉N−1,N,AN−1 |0〉AN

]
. (29)

Alice sends particles (1, . . . ,N) to Victor and keeps particles (A1, . . . ,AN) in her posses-
sion.
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Since Victor knows the original state |ϕ〉1···N , he knows α0 and α1 completely. Victor per-
forms an N -particle projective measurement on the particle (1, . . . ,N) under the complete
orthogonal basis

|ζl̂00〉12···N = 1√
2

N−2∏
j=1

|ρj (l)〉j (α0|00〉 + α1|01〉 + α0|10〉 + α∗
1 |11〉)N−1,N ,

|ζl̂01〉12···N = 1√
2

N−2∏
j=1

|ρj (l)〉j (α0|00〉 + α1|01〉 − α0|10〉 − α∗
1 |11〉)N−1,N ,

|ζl̂10〉12···N = 1√
2

N−2∏
j=1

|ρj (l)〉j (α∗
1 |00〉 − α0|01〉 + α1|10〉 − α0|11〉)N−1,N ,

|ζl̂11〉12···N = 1√
2

N−2∏
j=1

|ρj (l)〉j (α∗
1 |00〉 − α0|01〉 − α1|10〉 + α0|11〉)N−1,N ,

(30)

where l = 0,1, . . . ,2N−2 − 1. As we know, a decimal numeral l can be expressed as

l =
N−2∑
j=1

ρj (l)2
j−1 = ρ1(l)2

0 + · · · + ρN−2(l)2
N−3. (31)

Define

l̂ = ρN−2(l) · · ·ρ1(l). (32)

If the measurement result is |ζk1···kN−2kN−1kN
〉, Victor informs Alice of N bits

k1 · · · kN−2kN−1kN via a classical channel. Since

|h1 · · ·hN−2jj 〉1···N

= 1√
2

1∑
hN−1,hN =0

e−πij (hN−1⊕hN )αj⊕hN−1 |ζh1···hN−2hN−1hN
〉1···N, j = 0,1, (33)

(29) can be rewritten as

(
1√
2

)N 1∑
j=0

1∑
h1,...,hN−2,hN−1,hN =0

[e−πij (hN−1⊕hN )αj⊕hN−1

× |ζh1···hN−2hN−1hN
〉1···N ⊗ |h1 · · ·hN−2〉A1···AN−2 |j〉AN−1 ]|0〉AN

. (34)

According to the received classical bits k1 · · ·kN−2kN−1kN , Alice knows that the state of her
qubits A1 · · ·AN collapses into

1∑
j=0

[e−πij (kN−1⊕kN )αj⊕kN−1 |k1 · · · kN−2〉A1···AN−2 |j〉AN−1 ]|0〉AN
. (35)



Int J Theor Phys (2010) 49: 2704–2712 2711

Equation (35) can be rewritten as

1∑
j=0

e−πi(j⊕kN−1)(kN−1⊕kN )αj |k1 · · · kN−2〉A1···AN−2 |j ⊕ kN−1〉AN−1 |0〉AN
. (36)

Then Alice operates a unitary transformation

X
k1
A1

⊗ · · · ⊗ X
kN−2
AN−2

⊗
(

1∑
j=0

eπi(j⊕kN−1)(kN−1⊕kN )|j〉AN−1〈j ⊕ kN−1|
)

⊗ IAN
(37)

on (36) and obtains

1∑
j=0

αj |0 · · ·0〉A1···AN−2 |j〉AN−1 |0〉AN
. (38)

Finally, Alice applies on her N qubits the control change gate∏
j=1,...,N−2,N

CAj AN−1 , (39)

where CAj AN−1 is a CNOT operation (with AN−1 the control qubit and Aj the target one), and
obtains α0|0 · · ·0〉A1···AN

+ α1|1 · · ·1〉A1···AN
. The clone of an unknown N -qubit entangled

state is deterministically realized.

4 Conclusions

In conclusion, we have proposed an assisted-clone scheme which can produce perfect copies
of an unknown N(≥ 3)-qubit entangled state in (1) when maximal entanglement is used as
the quantum channel. The scheme includes two steps. In the first step, Alice performs Bell
measurements and sends the classical bits to Bob via a classical channel. Based on Al-
ice’s classical information, Bob can reconstruct the original state on his particles. In the
second step, a new transformation performed by Alice is constructed. Then we construct
a set of mutually orthogonal basis. Under this basis, Victor performs an N -particle projec-
tive measurement on his particles which are sent by Alice. After having received Victor’s
measurement result, Alice can reestablish the original state. The probabilities of successful
teleportation and clone of the original entangled state are both 1. Furthermore, the scheme
can be extended to clone the unknown state via N non-maximally entangled states as the
quantum channel. Under this assumption, the receiver can reestablish the unknown state
with a certain probability. After the probabilistic teleportation [25], Alice still ends up with
N Bell pairs which are the results of her measurements. Similar with the procedure as the
quantum channel are maximally entangled, the copy of the input state can be produced at
the sender’s location deterministically.
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